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Abstract 

Given a finite volume hyperbolic 3-inanifold, we compose a lift of 
the holonomy in SL(2, C) with the n-dimensional irreducible represen- 
tation of SL(2, C) in SL(n, C). In this paper we give local coordinates 
of the SL(n, C)-character variety around this representation. As a 
corollary, this representation is isolated among all representations that 
are unipotent at the cusps. 

1 Introduction 

Let be an orientable hyperbolic 3-manifold of finite volume with / > 
ends, that are cusps. This manifold is homeomorphic to the interior of a 
compact manifold M with boundary a union oil tori. Let Hoi: ■ni{M^) 
SL(2, C) be a lift of the holonomy of and compose it with the irreducible 
n-dimensional representation 

: SL(2,C) ^SL(?i,C). 

The composition is denoted by 

= o id: 7ri(M3) ^ SL(n, C). 

The variety of characters X(M'^, SL(n, C)) is the algebraic quotient of the 
variety of representations hom(7ri(M^), SL(n, C)) by the action of SL(n, C) 
by conjugation [3]. The character of pn will be denoted by Xn- In [5] it is 
proved that Xn is a smooth point of X{M^ , SL(n, C)), with local dimension 
{n — where I is the number of ends of M^. The goal of this paper is to 
find coordinates for a neighborhood of Xn- 
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For i = 1, . . . , n — 1, let 

ai-. SL(n,C) ^ C 

denote the i-th elementary symmetric polynomial on the eigenvalues, so that 
the characteristic polynomial of A € SL(n, C) is 

Pa{\) = A" - ai(A)A"-i + • • • + (-l)"-V„_i(A)A + (-1)". 

So (Ji{A) is the trace of A, £72 (A) is obtained from 2x2 principal minors of 
and so on. The ai : SL(?i, C) — ?• C are polynomial functions, invariant 
by conjugation. Thus, for any 7 € 7ri(Af'^), the map 

hom(7ri(M3),5L(n,C)) ^ C 

P ^ f^i(p(7)) 

induces a polynomial map on the character variety 

aj : X(M^SL(n,C)) ^ C. 
The main result of this paper is the following theorem. 

Theorem 1.1. Let M'^ he a finite volume, orientable, hyperbolic 3-manifold 
with I > ends. Let 71, ... ,7/ G tti{M^) be nontrivial peripheral elements, 
one for each end of (or each boundary component of M^). Then 

{af , . . . , alU, . . . , ^? , . . . , a^i) : X{M\ SL(n, C)) ^ C'("-i) 
is a local biholomorphism at Xn- 

Corollary 1.2. The character Xn is isolated among all characters of repre- 
sentations in SL(n, C) that are unipotent at the peripheral subgroups. 

When n = 2, we obtain the following result of Kapovich [2] (see also 
Bromberg [1]). 

Corollary 1.3. The deformation space X(M^, SL(2, C)) is locally parame- 
terized by the trace 0/71, . . . , 7; around a lift of the holonomy representation. 

The proof relies on a vanishing theorem of [6, 4], that asserts that in- 
finitesimal L^ deformations are trivial. In this way we determine explicit 
differential forms on the cusp that describe the infinitesimal deformations 
and prove Theorem 1.1. 

The paper is organized as follows. In Section 2 we describe the basic facts 
of the n-dimensional irreducible representation : SL(2, C) — )■ SL(n,C), 
that will be required later. Section 3 is devoted to compute the explicit 
differential forms that give the infinitesimal deformations. Finally, in Sec- 
tion 4 we compute the derivative of the a'J^ with respect to these infinitesimal 
deformations. 
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2 The n-dimensional representation 

The irreducible n-dimensional complex representation 

SL(2,C) ^ SL(n,C) 

is the {n — l)-symmetric power Sym"~"^(C^) = C". The induced represen- 
tation of Lie algebras is also denoted by : s[(2, C) — > s[(n, C). We shall 
work with the basis for s[(2, C) given by 
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f 



1 






1 



A straightforward computation shows that: 



f)+ := ?n(f) 



/O 1 
2 




V 



n - 1 
/ 



namely the (i, j)-entry of f)+ is i when j = i + 1 and otherwise. Similarly 



?n(g) 



/ 

n- 1 
n - 2 



V 





1 0/ 



This allows to describe for ibexp(/3f) and ±exp{f3g), f3 G C: 



(±ir-^?„(e'^t) = (±1) 
(±l)"-i?„(e'^0) = (±l)"-^e'^''- 



(3) 
(4) 



Notice that both matrices are triangular with 1 in the diagonal, in particular 
unipotent. 

Notation. The group SL(2, C) acts on the Lie algebra s[(n, C) by compos- 
ing the adjoint representation with For A € SL(2, C) and a € s[(n, C), 
this action will be simply denoted by A a. Namely, 



yla = Ad,„(A)(a) =?n(A)a?n(A ^) 
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Lemma 2.1. For /3 ^ 0, the subspace of matrices in s[(n,C) that are in- 
variant 6j/ lb ( p ^ ) is 

Proof. Since = exp(/3g), the lemma is equivalent to saying that 

(f)+, f)^, . . . , is the subspace of invariants by the one-parameter group 

generated by f, and this latter space is exactly 

Kerf = {oGs[(n,C) | [<^„(f), a] = 0} . 

Since []+ = ?„(f), 

(f)+,f)^,...,f)^-i) CKerf. 

To prove the equality, we show that Kerf has dimension n — 1. To see this, 
we decompose s[(n, C), as SL(2, C)-module, into irreducible factors using 
Clebsh-Gordan: 

sl(n, C) = Sym2"-i(C2) ... © Sym5(C2) © Sym3(C2). 

As an endomorphism of Sym'^(C^), the rank of f is /c (use for instance 
Equation (2)), and hence its kernel has dimension 1. The result then follows 
immediately. □ 

We shall also require the following computations. Since [e, f] = 2f and 
[e,0] = -20, 

'A 



i/xj"^ = 



Hence, for i = 1, . . . ,n — 1, 



Finally, we recall the bilinear product 

s[(n,C) x5l(n,C) ^ C , . 

(01,02) ^ trace(t)i O2), 

which is a multiple of the Killing form. This pairing is nondegenerate, 
symmetric, bilinear and Ad o<;-„-invariant (hence Ad op„-invariant). In ad- 
dition trace(f)!_ f)'^) = iff i 7^ j. For i = 1, ... ,n — 1, we denote Cj = 
trace(f)*_ t)\) 7^ 0. Such a pairing is not unique, as s[(n, C) is not an irre- 
ducible SL(2, C)-module. 
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3 Infinitesimal deformations 



To describe explicit infinitesimal deformations, we shall work in cohomology 
with twisted coefficients. The representation pn is semisimple, hence by 
[7, 3] the Zariski tangent space of ^(M^, SL(n, C)) at Xn is isomorphic 
to ff^(7ri(M^),s[(n, C)Adop„), where s((n, C) Ad op„ denotes the Lie algebra 
with the action obtained by composing pn and the adjoint representation 
(this is described in more detail in Section 4, cf. (9)). 

Since is aspherical, we shall work with the cohomology of with 
coefficients in the flat bundle 

^Adop„ = M3 x^^^^s sl(n,C)Adop„. 

Let nP{M^,Exdop,,) denote the space of smooth p-forms on valued on 
EAdopn, ie. the space of smooth sections of the bundle /\^T*M^ Exdop„- 
The de Rham cohomology of VL*{M'^ ^Ej^^op^) is denoted by 

^^^(M^i^AdopJ, 
and it is naturally isomorphic to the group cohomology 

i/*(7ri(M3),5l(n,C)AdopJ. 

The explicit constructions of these identifications will be given in Section 4. 

Next we need to recall the inner product on QP{M^ ^Ep^^apn)- I^i order 
to do that, start with the homogeneous structure of hyperbolic space, 

h3^M3 = SL(2,C)/SU(2), 

ie. SU(2) is the stabilizer of a base point p € H'^. Fix a SU(2)-invariant 
hermitian product on s[(n, C), that we choose to be the product ( , )p at the 
fiber i?Adop„,p of the base point p. Use the rule 

(^1,^2)7^ = (7~"^^^l,7~"^^'2)p, V7 e SL(2,C), Vi,V2(^ EAdop,„-yp, 

to define it at the fiber of any point 7p G H^. By using an orthonormal 
basis, it induces an inner product on the fibers of /\* T*M'^ (g) E^^op^, and 
on VL*{M^]EAdop,,) by integration: if a, /3 G f]*(A/3; ^Adop^) then 

(q,/3) = / (Q(x),/3(x)),dvol. 

J M 

A form a G 0*(M^; EAdop^) is L"^ if \a\^ = (a, a) < 00. 

Recall that has I cusps and that it is homeomorphic to the interior 
of a compact manifold M with boundary a union of / tori. We shall use the 
following result from [5], based on rigidity results of Raghunathan [6] and 
Mathsushima-Murakami [4] . 
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Theorem 3.1 ([5]). Ifn>2, then 

dimcH\Af^;EAdopJ=l{n-l). 

In addition, all nontrivial elements in ff^(M^; £^Adop„) are nontrivial in 
H^ipM 'jE^fiopn) o,nd have no L"^ -representative. 

Remark. To simplify, from now on we will assume that / = 1, ie. has 
a single cusp. The proof below applies to any I G N, because most of the 
argument is localized at the cusp. 

We need to describe the metric on a cusp U C M^, namely U is the 
quotient of a horoball in H'^ by a rank two parabolic group of isometries. 
Notice that M \ int(f/) is compact, thus a form r2*(M^, E'Adopn) is (has 
finite norm) if and only if its restriction to ^*{U, £^Adop„) is L^. 

The cusp U is diffeomorphic to x [0,oo), and it is isometric to the 
warped product 

dt'^ + e"^*ds|2, 

where denotes a fiat metric on the 2-torus. Consider '& any 1-form on 
the 2-torus T^, and view it as a form on U by pullback from the projection 
to the first factor [/ = x [0, oo) ^ T^. 

Assume that the holonomy of the cusp lies in the group 

Recall that f)+ G s[(n, C) is defined in (1), and that i)^^ is invariant by the 
holonomy of the cusp, for j = 1, . . . , n — 1, by Lemma 2.1. In particular, the 
form f^t}\. is well defined, and it is closed iff i) is closed. 

Lemma 3.2. The 1-form "d ^t)''^ is Lp' , for j = 1, . . . , n — 1. 

Proof. Given p £ and t € [0, oo), we first compute the norm of i9 (8) f)^ at 
(p, t) £ T'^ X [0, oo) = U, and then we shall show that 

^ l)i\lp^t)dvolu < oo. 

By compactness, there exists a constant C > such that |'(?|(p,o) ^ C for 
every point p G T'^ when t = 0. Since the metric is the warped product 
dt"^ + 6-2*^42: 

Wkp,t)<e'C. 

On the other hand, if we work in the half space model for and we assume 
that the horoball is centered at 00, the image of 7ri(?7) is contained in it ( q J ). 
Then the isometry that brings a base point to a lift of (p, t) in is 

V e-*/2 ) ' 
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for some z € C. By (6) and Lemma 2.1, we have 

By definition of the metric on the bundle E^^ op„ '■ 

|t)il(p,t) =e"^*|f)il{p,o)• 
Thus 

|^®f)il(p,i)<C'e(i-^-)*, 

for some constant C" > 0. In addition, using d\o\u = e~^*dvoly2 Adt, we 
compute: 

y \^^h'+\fp,t)dyolu <C" J e2(i-^)*-2*di = C"y e-2^ *dt<+oo. 

□ 

We next look for a basis for H^{U ; EAdop,J (Lemma 3.3 below). Choose 
coordinates {x,y) G and view the torus as the quotient R^/Z^. Let 
7i and 72 be two generators of 7ri(T^), and assume that they act on the 
universal covering as: 

li{x,y) = {x + l,y), 72(x,y) = + 1), Vx,yeR^. 

Assume that their holonomy is defined by 

71 ^± (J }) and 72 ^± (J [ 
for some r € C \ R. 

Lemma 3.3. For i = 1, . . . , n — 1, the form 

oji = d{x + ry) ® (J ^ f)L G n\U-, i^AdopJ 

is closed. Moreover, for any a, 6 G C such that b ^ ar, 

{oji, . . . ,cj„_i, {a dx + h dy) ® {a dx + h dy) 

is a basis for H^{U ; -EAdop„)- 

Proof. Notice that coi is defined on the universal covering U and, by con- 
struction, it is equivariant, hence defined on U. The form tOi is closed because 
1 X + ry 



Q 1 ' ^~ coordinates that are polynomial on the function x + ry, 
with respect to any C-basis for sl(n, C). 
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Next we want to describe the basis for H^{U; E Ad op„ )- Knowing that 
dim (U; E\^apn) = 2(n — 1) [5], we wih show that the 2{n — 1) differen- 
tial forms are hnearly independent cohomology classes by using a bilinear 
pairing. 

This pairing is induced from the exterior product A : r2*(?7; -EAdop,,) x 

(g) Oi) A (??2 ® O2) = trace(t)i O2) '&i A ??2, 

where i?! € r2*(C/), £ ^^{U) are forms without coefficients (or coefficients 
in the trivial bundle), tii,t)2 S st(n, C). Recall that the pairing (01,02) ^ 
trace(Oi 02) was described in (7) and that trace(f)!_ f)-^) = Ci, where 6} = 1, 
6l = for i ^ j, and Cj / 0. 

This exterior product induces a cup product in cohomology. Since the 
pairing and [)!)_ are both invariant by the action of ( q J ), we have: 

{{adx + bdy) (S) A loj = 

trace(f}!^ a; + Ty^ f)i)(adx + bdy) A {dx + riiy) = 
trace(f)!|_ f)-L)(a(ix + 6(iy) A {dx + rdy) = CiSj (ar — 6)(ia; A dy. 

In addition: 

Wj A ojj = trace(f)*_ f)'?_)(d2; + rdy) A {dx + rdy) = 0, 

and 

{adx + b dy) ® t}\ A{adx + b dy) ® f)-!^ = 0. 
Since dx A dy is the volume form of the torus, the lemma follows. □ 

Proposition 3.4. The image of the map H^{M'^; i?Adop„) — ^ H^{U; E^dopr,) 
is the (n — 1)- dimensional linear span of 

{wi + ^aij dx (g) f)-^, ... , Un-i + Qn-i,j dx ig) {)^}, 
/or some a^j G C. 

Proof. By contradiction: if the lemma was not true, then there would be a 
nontrivial element da;(g)f)'!^ in the image, because it is n— 1 dimensional. 

But this form is (Lemma 3.2) contradicting Theorem 3.1. □ 
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4 Derivating the elementary symmetric polynomi- 
als 



We want to compute the derivatives of the elementary symmetric polynomi- 
als of a peripheral element 7 with respect to the infinitesimal deformations 
of Proposition 3.4. 

We first describe the map between closed 1-forms in r2^(M'^; E'AdopjJ 
and group cocycles in 

zHM3;s[(n, C)AdopJ = {d : Tri{M^) ^ s[(n, C) | 

d(7i72) = d(7i) + Adp4^)(d(72)), V7i,72 S 7ri{M^)} 

that induces the isomorphism between de Rham and group cohomology. For 
this purpose we fix a point p G M^, that will be the base point for 7ri(M'^,p). 
Let t? G Q,^{M^; EAdopn) be a closed 1-form. In particular it represents an 
element in de Rham cohomology H^{M^;Ex^opn)- This form is mapped to 
the cocycle 

dtf:7ri(M3,p) ^ s[(n,C) 
[7] ^ 

where 7 is a loop based at p representing [7] G 7ri(M^,p). See [8, §6.3] 
for details. The map : TTi{M^,p) — ?> s[(n,C) is a cocycle, and its group 
cohomology class only depends on the de Rham cohomology class of the 
form "i?. 

We next describe Weil's construction [7, 3], that maps a group cocycle in 
Z^(7ri(M^); s[(n, C)Adop„) to an infinitesimal deformation of pn- This con- 
struction induces an isomorphism between {tti{M^)] 5l{n, C)Adop„ ) and 
the Zariski tangent space of X(7ri(M3), SL(n, C)) at Xn- Weil's construction 
maps the cocycle d G Z^{ni{M'^);5l{n, C)Adop„) to the first order deforma- 
tion of the representation pn 

Pn,e{l) = (Id+ed(7))p„(7), V7 G ^i{M^,p). (9) 

Since ^(7172) = d(7i) + A-dp^(^^) ^(72), Pn,e is a first order deformation, 
namely: 

Pn,e{lll2) = /5n,e(7l)Pn,£(72) +0{e^), V7i,72 G 7ri(M^,p). 

For an elementary symmetric polynomial fjj, an element 7 G 7ri(M^,p) 
and '& G Q}{M^; Exdopn)i the derivative of aj with respect to the direction 
of the cohomology class of is 

j.^ 0-»((H+g(itf(7))/^n(7)) - (Tijpnin)) /^QN 

where is as in (8). 
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Fix 7 € iTi{U) a nontrivial peripheral element. We may assume that the 
hft of its holonomy is 

'1 1^ 

Remark. To simpUfy, we shall only deal with the case when the lift is 
+ ( n 1^ ) • When it is — M , the argument is completely similar. 



1/ 10 1 



We want to compute the derivatives of with respect to the forms of 
Lemma 3.3 



Lemma 4.1. For a peripheral element 7 € Tri(U), the derivative of with 
respect to dx is zero. 

Proof. When ■!? = dx f}-!|_, (i^(7) = by (8). Therefore Pn,e{l) = 
(Id +e {)'^)/3n(7) is upper triangular with 1 on the diagonal. In particular 
(^i{Pn,e{l)) is independent of e, and we get zero when computing the limit 
(10).' □ 

Now, to analyze the derivative of the crj with respect to Wj, the differ- 
ential forms of Lemma 3.3, we shall look at characteristic polynomials. Let 
Pj^g(A) denote the characteristic polynomial of (Id-l-edi^. (7))/9„(7): 

Pl^{\) = det (A Id - [Id +E d^^ (7)]p„ (7)) . 

We write 

for some polynomial Q]{X) € C[A]. The role of the Q]{X) comes from the 
following lemma, whose proof is a consequence of (10). 

Lemma 4.2. For i,j = l,...,n — 1, the X"~^ -coefficient of Qj{X) is the 
derivative o/(— l)-'crj with respect to oji. 

To compute QJ{\) we set the following notation: 

A = \ld-pn{l) and = (7)/)„(7), 

so that 

P^^^{X) = det{A + £Xi) = det(A) (iet{ld+£A-^ Xi). 
As the derivative of the determinant at the identity is the trace: 

QJ(A) = det(^) trace(A-^Xi) = (A - 1)" iTa.ce{A-^ Xi) . (11) 

With this formula we may prove: 
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Proposition 4.3. For 7 € vri(C/) nontrivial and for i = 1, ... ,n — 1 the 

following assertions hold: 

1. Q]{0) = 0. 

2. Q]{X) is a multiple of (A - but not of (A - 

Proof At A = we have, P-'^iO) = (-1)'" + O(e^). Indeed the trace of the 
matrix d^.{'^) is zero, and hence 

det(Id+e(i^,(7)) = l + 0(e2). 

This proves the first assertion. In order to prove the second assertion we use 
(11). To compute , as we assume that the holonomy of 7 is ( q } ), using 
(3) we write 

n—l ^ 

iV = p„(7)-Id = ^-/ii, (12) 
i=i ■'' 

so that 

A = (A - 1) Id -Af = (A - 1) (Id -(A - l)-^iV) . 
As A^"" = 0, the inverse of A is 

n-l 

A-^ = (A - 1)-^ J^(A - l)-^A^^ 

fc=0 

and (11) becomes: 

n-l 

gJ(A) = ^(A - 1)"-'^-! trace(Ar*^A:,). (13) 

fc=0 

On the other hand, by construction of [}_ (2), 

/ ••• ••• 0\ 

ri _ 

ai+2,2 ' 

V ••• an,n-i ••• 0/ 

with Oj+i^i, aj+2,25 • • • ,cin,n-i > 0. In addition, since A* is obtained from t)[_ 
by multiphcation by upper triangular matrices that have 1 in the diagonal 
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(see (8) and Lemma 3.3), Xi has the same bottom left (n — i)-triangular 
corner as 



( 







Oi+2,2 



(14) 



\ ••• an,n-i ■■■ *J 

with aj+1,1, aj+2,2, • • • , an,n-i > 0. In addition, by (12) 



/O 







&l,fe+l * 
62,fc+i 



* \ 

^n—k,n 



with 6i,fc+i = 
iV*^ and 



trace(A^''Xi) = 



(15) 



••• / 

, bn-k,n = Ofc+i,! > 0. Using the description of 

0, for > i + 1; 

for k = i. 



trace(/i!|_/iL) > 
The second assertion follows from this computation and (13). 



□ 



Corollary 4.4. The polynomials QKX), . . . , (5^_]^(A) form a C-basis for the 
subspace of polynomials in C[A] of degree <n — l that are multiples of X. 

Proof. By the first assertion of Proposition 4.3, it is enough to prove that 
the polynomials Q]{X) are linearly independent. Assume that for some 
a„_i € C 

n-l 



The second assertion of Proposition 4.3 implies that reduction modulo A — 1 
yields an-i = 0, reduction modulo (A — 1)^ yields an-2 = 0, and so on. Thus 
the above linear combination must be trivial, as we wanted to prove. □ 



Proof of Theorem 1.1. By Corollary 4.4 and Lemma 4.2, the (n — 1) x (n — 1) 
matrix whose (i, j)-entry is the derivative of (— 1)-^(tJ with respect to uji has 
nonzero determinant. Combining this with Lemma 4.1 and Proposition 3.4, 
it follows that the differential forms da^, . . . ,da^_^ form a basis for the 
cotangent space of X{M^,SL{n,C)) at Xn- Hence Theorem 1.1 follows 
from the holomorphic implicit function theorem. □ 



12 



References 

[1] K. Bromberg. Rigidity of geometrically finite hyperbolic cone- manifolds. Geom. Ded- 
icata, 105:143-170, 2004. 

[2] Michael Kapovich. Hyperbolic manifolds and discrete groups, volume 183 of Progress 
m Mathematics. Birkhauser Boston Inc., Boston, MA, 2001. 

[3] Alexander Lubotzky and Andy R. Magid. Varieties of representations of finitely gen- 
erated groups. Mem. Amer. Math. Soc., 58(336):xi+117, 1985. 

[4] Yozo Matsushima and Shingo Murakami. On vector bundle valued harmonic forms and 
automorphic forms on symmetric riemannian manifolds. Ann. of Math. (2), 78:365- 
416, 1963. 

[5] Pere Menal-Ferrer and Joan Porti. Twisted cohomology for hyperbolic three manifolds. 
Preprint, arXiv:1001.2242, to appear in Osaka J. of Math. 

[6] M. S. Raghunathan. On the first cohomology of discrete subgroups of semisimple Lie 
groups. Amer. J. Math., 87:103-139, 1965. 

[7] Andre Weil. Remarks on the cohomology of groups. Ann. of Math. (2), 80:149-157, 
1964. 

[8] Hartmut Weiss. Local rigidity of 3-dimensional cone- manifolds. J. Differential Geom., 
71(3):437-506, 2005. 

Departament de Matematiques, Universitat Autonoma de Barcelona. 
08193 Bellaterra, Spain 
pmenal@mat.uab. cat, porti@mat.uab. cat 



13 



